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The effect of filtering operation with respect to purification and concentration of entanglement in
quantum states are discussed in this paper. It is shown, through examples, that the local action of the
filtering operator on a part of the composite quantum state allows for purification of the remaining
part of the state. The redistribution of entanglement in the subsystems of a noise affected state
is shown to be due to the action of local filtering on the non-decohering part of the system. The
varying effects of the filtering parameter, on the entanglement transfer between the subsystems,
depending on the choice of the initial quantum state is illustrated.
PACS numbers: 03.65.Ud, 03.67.Bg
I. INTRODUCTION
The concept of quantum entanglement[1, 2] is very use-
ful in many areas like quantum teleportation[3, 4], quan-
tum cryptography[5], quantum dense coding[6, 7] and
quantum computation[8] but its fragility to environmen-
tal interaction is a cause of great concern for all its tech-
nological applications. It is well known that when a pure
entangled state interacts with the environment, in addi-
tion to reduction in its entanglement, it loses its coher-
ence also thus becoming a mixed state[9]. Purification[10]
and concentration of entanglement[11, 12] have thus been
issues of great importance. Several protocols including
collective measurements, Local Quantum Operation with
Classical Communication (LQCC) and local filtering op-
erations are proposed to perform this task[10−−22].
While it has been shown in Refs. [10–13] that, the
collective LOCC operations on an ensemble of bipar-
tite states can increase the purity and entanglement of
a smaller number of states by sacrificing the entangle-
ment of the remaining states in the ensemble, the issue
of entanglement purification in a single copy of a mixed
bipartite state has been discussed in Refs. [14–16]. The
behaviour of local filtering operations in causing Bell vio-
lation and conversion of a mixed state to a Bell diagonal
state are also examined[17, 18, 23]. The importance of
an optical entanglement filter and its applicability for en-
tanglement manipulation is discussed in Refs. [24, 25]. In
addition to the experimental demonstration of the dis-
tillation of maximally entangled states from non maxi-
mally entangled inputs using partial polarizers[26], opti-
mal entanglement distillation from 2-qubit mixed states
under local filtering operations is also experimentally
demonstrated[27]. The effect of local filtering operation
on a part of the multiqubit state while the remaining
part is subjected to noise is examined by M. Siomau
and A.A. Kamli[22]. They have shown that entangle-
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ment can be probabilistically retrieved after Entangle-
ment Sudden Death (ESD)[28, 29] using a local filter on a
single (atleast one) non-decohering qubit of a multiqubit
state[22]. Continuing on this work[22], we have examined
here the behaviour of a local filter in causing purification
of a part of the state, in addition to redistributing the
entanglement in the subsystems. The filtering parameter
dependence on both redistribution and purification is ex-
plicitly demonstrated for 3-qubit pure states belonging to
two SLOCC inequivalent families. Probabilistic retrieval
of entanglement after ESD and the need for selecting a
proper filter in order to have a maximum retrieval, de-
pending on the state under consideration, is illustrated.
The article is divided into three sections after a brief
introduction in Section 1. Section 2 gives an analysis of
the effect of single local filtering on 3-qubit pure states
belonging to two different SLOCC classes. In Section 3,
we have subjected a part of these states to a specific noise
and examined the retrieval of entanglement due to local
filtering on the other part of the system. The redistribu-
tion of entanglement between the subsystems resulting in
an increase in the entanglement of one part owing to the
reduction in the other part, is illustrated in both sections
2 and 3. Section 4 gives a concise summary of the results.
II. SINGLE LOCAL FILTERING ON 3-QUBIT
PURE STATES.
Filtering is a non-trace-preserving map that is seen
to be capable of increasing entanglement with some
probability[17]. The filtering operation, in fact, rep-
resents a dichroic environment the extreme examples
of which are polarizers[17]. While the local filter-
ing operation can be realized using a Mach-Zehnder
interferrometer[30], more efficient and feasible exper-
imental realizations of a local filter are discussed in
Refs. [26, 27]. The filtering operation can also be re-
alized, using a linear optical set up, as a null-result weak
measurement[31].
The filtering operation is represented in the computa-
2tional basis as,
F =
√
(1− k)|0〉〈0|+
√
k|1〉〈1| (1)
Here k is the filtering parameter and 0 ≤ k ≤ 1.
To start with, we consider the 3-qubit W state
|W 〉3 = 1√
3
[|001〉+ |010〉+ |100〉] . (2)
and the application of filtering on only the first qubit of
the state results in
|W ′〉3 = [F ⊗ I2 ⊗ I2] |W 〉3, (3)
I2 being the 2⊗ 2 identity matrix. Due to the non-trace
preserving nature of the filtering operation, the physical
state under consideration after filtering is given by
ρ′W =
|W ′〉3〈W ′|
Tr [|W ′〉3〈W ′|] (4)
It is well known that the entanglement between any
two qubits of a 3-qubit state can be quantified by
concurrence[32, 33]. It is given by C = max{0, λ1−λ2 −
λ3 − λ4}, where λi are square roots of the eigenvalues of
the non-Hermitian matrix ρ(σy ⊗ σy)ρ∗(σy ⊗ σy) taken
in decreasing order. As the W state is symmetric under
interchange of qubits, the initial concurrence of all its
subsystems are equal, i.e., C12 = C13 = C23 =
2
3
. After
the first qubit is subjected to filtering, a redistribution of
bipartite entanglement between the subsystems occurs.
That is, the entanglement in the subsystem ρ′23 = Tr1ρ
′
W
increases with the decrease in the entanglement of sub-
systems ρ′12 = Tr3ρ
′
W , ρ
′
13 = Tr2ρ
′
W and vice versa. In
fact, we have,
ρ′12 = ρ
′
13 =
1
2− k


(1− k) 0 0 0
0 (1− k)
√
k(1− k) 0
0
√
k(1− k) k 0
0 0 0 0


ρ′23 =
1
2− k


k 0 0 0
0 (1− k) (1 − k) 0
0 (1− k) (1 − k) 0
0 0 0 0

 (5)
and
C′12 = C
′
13 = Max
[
0, 2
√
k(1− k)
(2− k)
]
;
C′23 = Max
[
0,
2(1− k)
(2− k)
]
. (6)
The redistribution of entanglement in the subsystems of
|W 〉3, on its first qubit being subjected to filtering, is
illustrated in Fig. 1.
Before examining the effect of the filtering operator
as regards purification, we first define the purity of a
quantum state[8]. It is a scalar quantity defined as γ =
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FIG. 1: The variation of concurrence of the subsystems ρ′12 =
ρ′13 (dashed line) and ρ
′
23 (solid line) of the state ρ
′
W with the
filtering parameter k;
Tr(ρ2). For a pure state ρ = |ψ〉〈ψ| implies ρ2 = ρ and
hence Tr(ρ2) = Tr(ρ) = 1 for pure states. As Tr(ρ2) < 1
for mixed states, the quantity 1 − Tr(ρ2) quantifies the
amount of mixedness in the state[8].
As the subsystems of the W state (a symmetric entan-
gled state) correspond to mixed states, we have γ12 =
γ13 = γ23 =
1
3
. The local operation of filtering on the
first qubit destroys the symmetry of the state partially so
that ρ′12 = ρ
′
13 6= ρ′23 (See Eq.(5)). Also the purity of each
subsystem becomes a function of the filtering parameter
k. We have,
γ′12 = γ
′
13 =
2− (2− k)k
(2− k)2 ; γ
′
23 =
4− k(8− 5k)
(2− k)2 (7)
It can be seen that when k = 0, the subsystem ρ23 be-
comes the maximally entangled Bell state 1√
2
(|01〉+ |10〉)
and when k = 1, it becomes the separable pure state |00〉
(See Eq. (5)). On the other hand, the subsystem ρ13
becomes the separable pure state |10〉 at k = 1. The
variation of purity of the subsystems ρ′12, ρ
′
23 with the
filtering parameter k is as shown in Fig. 2. It can be
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FIG. 2: The purity γ of ρ′12 (dashed line) and ρ
′
23 (solid line)
of the state ρ′W as a function of the filtering parameter k.
readily seen that an increase in the entanglement of ρ12
results in the decrease of C′23, the concurrence of the sub-
system ρ′23, after filtering.
The GHZ state[34] is another symmetric multiqubit
state of great importance possessing genuine multiparty
3entanglement and we carry out our analysis of the effect
of single local filtering on a 3-qubit GHZ state. The ut-
most fragility of GHZ state to removal of a qubit results
in disentangled subsystems even after single local filter-
ing, thus implying no essential redistribution of entan-
glement between them[22]. Still, the filtering operation
is effective in increasing the purity of the initially mixed
subsystems with γ = 1
2
. In fact, when k = 0 and k = 1,
the local filtering on any one of the qubits completely
destroys the entanglement in the GHZ state resulting in
pure (separable) subsystems with γ = 1.
Another symmetric multiqubit state of interest is the
equal superposition ofW and obverseW states. We have
the corresponding 3-qubit state as,
|WW¯ 〉3 = 1√
2
[|W 〉3 + |W¯ 〉3]
where |W¯ 〉3 = 1√
3
[|110〉+ |101〉+ |011〉]. Both 3-qubit
GHZ state and |WW¯ 〉3 belong to the SLOCC family
D1, 1, 1 of symmetric states with three distinct Majorana
spinors while |W 〉3 being a Dicke state, belongs to the
family D2 ,1, the class of three qubit symmetric states
with two distinct spinors[35]. Inspite of belonging to the
same SLOCC family, the essential entanglement features
of GHZ state and |WW¯ 〉 differ in several aspects[35]. In
particular, |WW¯ 〉 is not as much fragile to removal of
qubits as the 3-qubit GHZ state is and the subsystems re-
main entangled with concurrences C12 = C13 = C23 =
1
3
even after the removal of a qubit.
On subjecting |WW¯ 〉3 to filtering on its first qubit,
the symmetry among the subsystems is partially lost as
in the case of |W 〉3 resulting in ρ′12 = ρ′13 6= ρ′23. The
subsystems ρ′12(=ρ
′
13) belonging to that part of the sys-
tem containing the filter-affected qubit ‘1’ are seen to
sacrifice their entanglement to increase the entanglement
of ρ23, the subsystem not directly affected by filtering.
This behaviour can be readily seen through the varia-
tion of concurrences C′12(=C
′
13), C
′
23 as a function of the
filtering parameter k as shown in Fig. 3.
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FIG. 3: The redistribution of entanglement between the sub-
systems ρ′12, ρ
′
13 and ρ
′
23 of the filter-affected |WW¯ 〉3 state.
Here C′23 (solid line) is seen to increase over its initial value
C23 while C
′
12 = C
′
13 ≤ C12 = C13, (C
′
12, C
′
13 → dashed line)
over the whole range 0 ≤ k ≤ 1.
The subsystems of |WW¯ 〉3 being initially mixed, it is of
interest to examine their purities after the local filtering
action. We have,
γ′12 =
1
9
[7− 2k(1− k)] = γ′13; γ′23 =
1
9
[9− 10k(1− k)]
(8)
It is readily seen that the subsystem ρ′23 corresponds to
a pure state when k = 0 and k = 1. In fact, they are
entangled pure states with C′23 =
2
3
both when k = 0,
k = 1 (See Fig. 3). The nature of variation of purity of
the subsystems of the filter-affected |WW¯ 〉3 state is as
shown in Fig. 4. Notice that when k = 1
2
, the filtering
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FIG. 4: The variation of purity γ′12 (dashed line) and γ
′
23
(solid line) of the subsystems belonging to the filter-affected
|WW¯ 〉3 state as a function of the filtering parameter k.
operator corresponds to identity operator thus implying
γ′12 = γ
′
13 = γ
′
23 ≈ 0.7 which is the initial purity of the
subsystems. The entanglement in all the subsystems are
also equal to their initial values when k = 0.5 as can be
seen through Figs. 1 and 3.
It is to be noted here that there is a distinct difference
in the response of |W 〉3 and |WW¯ 〉3 to local filtering ac-
tion. It is readily seen through Fig. 1 that the reduction
in the entanglement of subsystems ρ12, ρ13 to contribute
to the increase in entanglement of subsystem ρ23 of |W 〉3
is dependent on the filtering parameter k. While this
contribution is largest when k = 0, it goes on decreasing
with the increase of k and ceases when k = 0.5. When
k > 0.5, a reverse trend occurs with the subsystem ρ23
contributing to the increase in entanglement of ρ12(=ρ13)
in a small range of the parameter k (See Fig.1). But in
the case of |WW¯ 〉3, only the subsystems ρ12, ρ13 sacrifice
their entanglement, to varying degrees, to the increase in
entanglement of the subsystem ρ23 and not vice versa.
It is of interest to observe that the entanglement trans-
fer from one subsystem (containing the ‘filtered’ qubit
1) to the other (not directly affected by filtering) shows
a symmetric behaviour about the value k = 0.5 of the
filtering parameter in the case of |WW¯ 〉3 (See Fig. 3).
Also in |W 〉3 the maximum entanglement concentration
and purity in ρ23 happens at k = 0 whereas such a thing
happens both at k = 0 and k = 1 for |WW¯ 〉3. Thus we
can conclude that while a particular filter produces max-
imum entanglement concentration, purity in one state, it
may not do so for the other state. The knowledge of the
filtering parameter[38] dependent nature of the redistri-
4bution of subsystem entanglement will help in choosing
the needed ‘filter’ for the chosen state, based on the par-
ticular task under consideration.
III. THE EFFECT OF SINGLE LOCAL
FILTERING ON NOISE AFFECTED STATES.
In this section, we extend our analysis to states par-
tially exposed to noisy environment. In fact, the retrieval
of entanglement in the subsystems of multiqubit states, a
part of which is subjected to noise and at least one qubit
of the remaining part subjected to local filtering, is illus-
trated in Ref. [22]. The Generalized Amplitude Damping
(GAD) channel is used in Ref. [22] as the chosen noise
model and redistribution of entanglement, induced due
to local filtering on a qubit, is shown to occur in the sub-
systems of noise affected 3-qubitW state, 4-qubit cluster
states. In view of the observation that depolarizing noise
is more effective in causing sudden death of entanglement
in quantum states[36, 37], we wish to examine the extent
of entanglement retrieval, through single local filtering, in
both |W 〉3 and |WW¯ 〉3 states subjected to depolarizing
noise.
A quantum noise that converts a qubit into a com-
pletely mixed state with probability p and leaves it un-
touched with probability 1−p is the depolarizing noise[8].
The Kraus operators corresponding to depolarizing noise
are given in Ref. [8]
k1 =
√
1− p
(
1 0
0 1
)
; k2 =
√
p
3
(
0 1
1 0
)
;
k3 =
√
p
3
(
0 i
−i 0
)
; k4 =
√
p
3
(
1 0
0 −1
)
. (9)
Here p = 1 − e−Γt2 with Γ being the decay constant of
the depolarizing noise.
The action of depolarizing noise on any two qubits (say
‘2’and 3’) of a 3-qubit state ρ is represented by
ρ′ =
∑
i,j
sijρs
†
ij (10)
with
sij = I2 ⊗ ki ⊗ kj ;
∑
i,j
s
†
ijsij = I8
I2, I8 being the 2 × 2 and 8 × 8 identity matrices re-
spectively. In addition to delaying the sudden death of
entanglement caused in the subsystem ρ′23, an increase
in entanglement can also be seen to occur on subject-
ing ρ′ to local filtering on its first qubit. This action is
represented by
ρ′′ =
(F ⊗ I2 ⊗ I2) ρ′ (F ⊗ I2 ⊗ I2)†
Tr (F ⊗ I2 ⊗ I2) ρ′ (F ⊗ I2 ⊗ I2)†
(11)
The combined action of depolarizing noise and local fil-
tering on |W 〉3 and |WW¯ 〉3 is seen to retain the partial
symmetry in both the states resulting in ρ′′12 = ρ
′′
13 6= ρ′′23.
The variation with respect to time, of the concurrence of
the subsystem ρ′′23 (belonging to the noise affected state
|W 〉3) for different values of the filtering parameter k is
shown in Fig. 5. The corresponding graph for the state
|WW¯ 〉3 is given in Fig. 6. The delay in the onset of
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FIG. 5: The variation of concurrence of the subsystem ρ′′23,
of the noise affected state |W 〉3 after local filtering on its 1st
qubit, with the dimensionless time parameter Γt for different
values of the filtering parameter k.
ESD as well as increase in the entanglement in ρ23 for
k = 0, compared to its initial value (when k=0.5), is
readily seen in Fig 5. Such a behaviour is exhibited for
0 ≤ k < 0.5. In fact, when 0.5 < k ≤ 1, there is a re-
duction in entanglement of ρ′′23 as well as early onset of
ESD (See Fig. 5). As both the qubits of the subsystem
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FIG. 6: Temporal variation of concurrence C′′23 of the sub-
system ρ′′23 = Tr1ρ
′′
WW¯
for different values of the filtering pa-
rameter k. For all values of k, gain in the entanglement of
ρ23 and delay in the onset of ESD (compared to that without
filtering) is observed.
.
ρ23 are subjected to noise, it is not difficult to see that
the entanglement of this subsystem vanishes earlier than
for the subsystems ρ12(=ρ13). Figs. 7 and 8 depicting
the temporal variation of C′′12(=C
′′
13), for different val-
ues of the filtering parameter k, indicate this feature.
The filtering parameter dependent redistribution of en-
tanglement between the subsystems ρ′′12 and ρ
′′
23 of |W 〉3
is evident through a closer look at Figs. 5 and 7. In
particular, the largest transfer of entanglement happens
when k = 0 with C′′12 = 0 and C
′′
23 = 1 at time t = 0.
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FIG. 7: Variation with respect to time of the concurrence of
ρ′′12 = Tr3ρ
′′
W for different values of the filtering parameter k.
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FIG. 8: Variation with respect to time of the concurrence
of the subsystem ρ′12 = Tr3ρ
′′
WW¯
for different values of the
filtering parameter k
.
Similar and much simpler redistribution is seen through
Figs. 6 and 8, for the case of |WW¯ 〉.
It is to be mentioned here that in all cases of entan-
glement transfer between the subsystems, the process is
indeed probabilistic. The probability of ‘retrieval of en-
tanglement’ is, in fact, given by
P = Tr (F ⊗ I2 ⊗ I2) ρ′ (F ⊗ I2 ⊗ I2)† , 0 ≤ P ≤ 1;
(12)
That is, if we consider an ensemble of states ρ, P repre-
sents the fraction of the states that undergo the effects
of the filtering operation. It represents the efficiency of
the filter F .
While we have considered pure states for our analysis
of the effects of filtering action, similar effects are ex-
pected to hold good even for mixed states. For a mixed
state, due to its possible apriori interaction with the sur-
roundings (which makes the state lose its coherence) the
nature of ESD depends on this unknown noise along with
the applied noise. Due to the action of this apriori noise,
ESD due to a particular applied noise may happen faster
in entangled mixed states than in pure states. In order to
delay the onset of ESD, one may have to choose a ‘suit-
able’ filter depending on the mixed state under considera-
tion. Also, it is to be noticed that in both the states that
we have considered, maximum retrieval of entanglement
happens with suitable choice of the filter. For instance,
k = 0 is suitable for |W 〉3 whereas both k = 0, k = 1 are
suitable for |WW¯ 〉3 as we had observed earlier. Thus, we
may conjecture that for every pure state, it is possible to
find a suitable filter that causes maximum entanglement
redistribution/retrieval after ESD.
At this stage, one can readily conclude that local filter-
ing action on atleast one of the qubits is responsible for
redistribution of entanglement among the subsystems of
a 3-qubit state. We assert that an extension of the results
to multiqubit systems with N > 3 is evident, though
one has to consider all possible partitions of the state,
for a complete analysis. It is natural to expect that if
more than one qubit is available for filtering action, the
pairwise entanglement in the remaining non-decohering
qubits will increase considerably[22].
Before concluding, we wish to mention here that this
work is a sequel to the work of Ref. [22]. While the
varying effects of a filter depending on the state under
consideration and the role of the filtering parameter in
defeating sudden death effectively has not been explicitly
analyzed in Ref. [22], we have carried out such an analysis
in this work. The ‘purifying’ action of filtering operator
on the subsystems of a multiqubit state is another addi-
tional feature that we have explicitly brought out here.
Owing to the experimental implementations of a local
filter[26, 27] in entanglement distillation protocols, we
believe that retrieval of entanglement in quantum states
after ESD will also be a reality in the near future.
IV. CONCLUSION
We have shown here that it is possible to increase the
subsystem entanglement of pure quantum states by sin-
gle local filtering on a part of the system. The redis-
tribution in the entanglement between the subsystems,
induced due to local filtering operation, is shown to be
the cause for gain in entanglement in the other part of the
system. An increase in the purity of one subsystem owing
to the decrease in the other is also shown to be caused
due to local filtering. Both purification and entanglement
concentration in the subsystems of the entangled initial
states are seen to be probabilistic in nature. The depen-
dence of the nature of entanglement transfer on the filter-
ing parameter is clearly brought out and its consequences
are discussed. These results are exemplified by examin-
ing 3-qubitW state, a superposition ofW and obverseW
states, both belonging to different SLOCC classes. The
results are extendible to multiqubit states with N > 3
and this work is hoped to shed more light on the signif-
icance of local filtering action on quantum states. The
technologically feasible experimental realizations of fil-
tering operations[26, 27] also enrich the potentialities of
this field.
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